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Evaluation of a Finite Volume Method for
Compressible Shear Layers

H. L. Atkins*
NASA Langley Research Center, Hampton, Virginia 23665

An implicit second-order finite volume method for solving the compressible laminar Navier-Stokes equations
in two dimensions is evaluated for possible use in the simulation of transitional flows. Comparisons are made
with results from a spectral linear-stability code, which provides accurate growth rates, as well as perturbation
eigenfunctions, for a temporally growing free shear layer. The accuracy of the growth rates of isolated modes
and the physical and numerical interactions of multiple modes is the focus of this study. A grid refinement study
verified the method to be second-order accurate with less than 4% error on a 32 x 64 grid. The interaction
between modes of similar amplitude was small (less than 1%). In cases where there was a dominant mode,
however, numerical phase error in the method pumped energy into all other modes. This numerical phase error
results in nonphysical growth rates for modes whose amplitude content is several orders of magnitude below
the dominant mode. When the dominant mode saturates, the pumping action ceases, and the growth rate of
the next largest growing mode regains physical significance.

Introduction

I N the past, the most credible stability, transition, and
turbulence simulations have been performed by spectral

methods1"5 although there are many examples in which
compact-support (CS) methods (including finite volume, fi-
nite difference, and finite element) were used.6'8 Although
the accuracy properties of spectral methods is unquestionable,
they are difficult to apply to complex domains, and their
ability to treat flows with shocks is suspect. The fundamental
difference between the two is their choice of basis functions:
spectral methods use a set of high-order global functions,
whereas CS methods use low-order local functions (usually
algebraic) coupled at cell interfaces. It seems reasonable to
suppose that between the two approaches there is a middle
ground that provides the needed accuracy and flexibility. In
fact, this middle ground is being approached by various re-
searchers from both directions: spectral mutidomain meth-
ods,9 in which the global domain is subdivided and a set of
basis functions are defined for each region, offer increased
geometric flexibility; while from the other direction, smooth
algebraic interpolation techniques (such as ENO10) allow many
CS methods to be extended to high order (approaching global
basis functions) while avoiding the oscillations that usually
accompany high-order polynomials.

Although the effects of numerical diffusion and dissipation
are always of concern, they are especially important in tran-
sition simulations, where the physical process being modeled
is inherently unstable or the determination of the stability
boundary is the objective of the simulation. While second-
order-accurate CS methods are popular in most areas of fluid
mechanics, transition simulations by CS methods are often
fourth order. Still, their reliability is questioned, especially
by those who are accustomed to the accuracy properties of
spectral methods. Before embarking on a project to develop
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a new high-order CS method, an understanding of the ca-
pabilities and limitations of current methods is needed.

The intent of this study is to evaluate a current two-di-
mensional second-order finite volume Navier-Stokes code for
transitional flows. This code has been used in the past to
compute unsteady inviscid flows of aerodynamic interest11'12

and has proved to be accurate and efficient in those studies.
For the present study, the code was extended to treat the
laminar viscous and heat conduction terms. The test problem
chosen for this study is a temporally growing parallel shear
layer, which is perturbed at one or more wavelengths. This
choice of test problem allows comparisons with established
spectral methods. This study goes into more depth than most
previous validation studies of CS methods in that mode in-
teraction and the behavior of unexcited modes is examined
in addition to the usual single-mode analysis.

The first section of this paper gives a description of the
governing equations and the numerical method on which the
code is based. Additional information may be found in Refs.
10 and 11. The second part of this paper describes, in detail,
the test problem and the diagnostic procedures used in eval-
uating the code's performances. In the Results section, three
important cases are discussed: 1) the growth of isolated modes,
2) the interaction of modes with similar amplitudes, and 3)
the interaction of modes* whose amplitudes differ by several
orders of magnitude.

Numerical Method
The code employs a cell-centered finite volume method for

the solution of the compressible laminar Navier-Stokes equa-
tions for an ideal gas. The time integration is performed by
an alternating-direction-implicit (ADI) procedure, and total-
variation-diminishing (TVD) techiques are employed for spa-
tial smoothing. The viscous terms were added to the existing
Euler code, while making no modifications to the numerical
smoothing inherent to the TVD operator. Formally, the method
is second-order accurate for smooth grids with truncation er-
ror terms of the form (A*2, Ay2, A^2, AxAr, AyAf).
Governing Equations

In two dimensions, the integral form of the unsteady Na-
vier-Stokes equations can be written as
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where Q, denotes an arbitrary region, dfl is its boundary, ds
is the differential element on the boundary of d£l, with counter-
clockwise being positive, and

U = [p, pu, pv, pe]T

The density is denoted by p, u and v are the velocity com-
ponents in the x and y directions, and e is the specific total
energy. All quantities are normalized such that, for a perfect
gas, the temperature is given by

T = (y - l)[e - (u2 + v2)/2]

where y is the ratio of specific heats, and the equation of state
is

P = pT

The fluxes are split into viscous and in viscid components:

F = Fe - Fv G = Ge - Gv

where

pu
(u* + T)

puv
[pu(e + 7)J

Fv =

Gv = Re~l

ux - vy)/3

pv
puv

P(v2 + T)
[pv(e + T).

•xy

VTxy - qx\

yy
+ VT,M, -

R(U)ifJ = O.-+1/2,/ + ®ij+i/2,j ~ *,--i/2j - $,,7-1/2

The numerical flux, like the physical flux, is split into viscous
and inviscid components, <1> = <J>e + <l>v. The numerical in-
viscid flux consists of a second-order average of the physical
flux terms, plus a smoothing term based on the TVD methods
of Harten.13 A detailed description of the numerical inviscid
flux may be found in Ref. 11.

The numerical viscous flux involves the evaluation of prod-
ucts of flow variables and flow gradients. The flow variables,
on a face, are computed by averaging properties adjacent to
the face. On a vertical face, for example: ui+1/2tj = (uu +
ui+l>J)/2. The average viscosity is computed by first computing
a face average temperature and then computing the viscosity
from the power-law approximation. The flow gradients are
computed by defining a coordinate transformation which is
local to the face:

where

Tyy = 2 /x ( 2 v y - ux)/3

(Uy + Vx)

In evaluating the shear stress and heat conduction terms, face-
normal gradients are computed immediately from properties
on either side of the face, while face-tangent gradients must
be averaged. The reverse is true for the derivatives of the
coordinate transformation: coordinate derivatives tangent to
the face are known immediately (and exactly), and coordinate
derivatives normal to the face must be averaged. As an ex-
ample, the gradients on a vertical face are

where

y - I d x y - I d y

The normalized viscosity is computed by a power approxi-
mation: IJL — T0. The Prandtl number is denoted by Pr, and
Rer is the Reynolds number relative to the reference condi-
tions of the variable normalization Rer = (prwr/r)//V In the
present normalization, ur is not a physical velocity, but in-
stead, is defined as ur = \/Prlpr. Consequently, Rer is a nu-
merical Reynolds number that must be computed from the
physical Reynolds number and the choice of reference con-
ditions.

Discrete Equations
Equation (1) is evaluated in each cell of the computational

domain to yield a system of discrete nonlinear equations of
the form

where AfJ is the area of cell /,/, A£ is the time step, At/,v is
the change in U in cell ij during the time step, and R(U)?j
denotes the discrete approximation of the spatial terms [the
right-hand side of Eq. (1)]. The spatial terms are evaluated
by defining a numerical flux for each face of the cell and then
by summing around the cell:

and

A similar expression is used for y€.
To integrate Eq. (2) in time, the spatial terms at n + 1 are

linearized to yield a system of linear equations for At/.

#(£/)«,+ ' ~ R(U%, +—R(V)W

(3)

The Jacobian of R(U) is split by direction and simplified such
that each direction attains a tridiagonal structure. Thus

The simplifications involve neglecting the time change of the
face-tangent components of the shear stress (cross derivatives)
and the time change of the higher order components of the
smoothing terms. The ADI14 method of solution is applied
by factoring the left-hand side and solving in two steps:
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0 — = W

Although the implicit method is unconditionally stable, the
time step is limited for accuracy considerations. The time step
is computed such that the inviscid Courant-Friedrichs-Lewy
(CFL) number in each cell is less than a specified value (usu-
ally 1.0). Due to the extreme y clustering, the inviscid time
step is several times larger than what would be required for
an explicit method.

Test Problem and Numerical Test Procedure
For the purposes of code validation, a temporally growing

shear layer was chosen as a test case. The parallel mean flow
was specified as a hyperbolic-tangent profile, and the solution
was forced to be periodic on a specified wavelength A. The
mean flow, shown in Fig. 1 , can be described in terms of three
parameters: the freestream Mach number (MJ, the minimum
streamwise wave number (a = 27rS/A), and the Reynolds
number based on d (Res). For all cases presented, the Mach
number is 0.5 and the Reynolds number is 200. At this Rey-
nolds number, the instability is inviscid inflectional; conse-
quently, this case should provide a difficult test for the nu-
merical dissipation of the method.

The following notation is used to distinguish between the
minimum wave number of the domain and its harmonics:
«! = a, a2 = 2a, a3 = 3a . . . , etc. Initial profiles of the
normalized variables have the form

= Vr MM tanh(y/5)

T(x,y) =

P(x,y] =

where Re(x) denotes the real part of*, and <f>k and /3k are the
initial phase and amplitude of the mode ak (f3k is nonzero
only for excited modes). The eigenf unctions u, v, f, and P
are obtained from a spectral linear stability program1 which
also provides the "exact" linear growth rates.

The computational domain is mapped by a rectangular
grid that is uniform in x and stretched in y by the following
function:

y(rj) = FTJ I
- K

M

For most cases, the stretch parameters (F and s) were chosen
so that the outer boundary was at 506, and half of the points
were within 23.

The natural unsteady flow resulting from the initial state
described above is a shear layer that grows in thickness. The
thickening of the shear layer corresponds to an a that in-
creases in time, and thus, the growth rate of the initial mode
would not be constant in time. A steady mean flow is re-
covered (artificially) by computing and storing the spatial de-
rivatives of the mean flow (the mean residual). The mean
residual is subtracted from the instantaneous residual at each
time step of the numerical integration.

In the code used in this study, characteristic-based condi-
tions are usually enforced at in/out flow boundaries; however,
for the present study, all quantities in the far field (\y/8\ >
50) were held fixed at the mean flow values. Periodicity was
enforced by the use of ghost cells that extend the domain in
the x direction. This allowed the discrete operator in cells
next to the periodic boundary to be evaluated as if they were
interior cells. The ADI algorithm did not use a periodic tri-
diagonal solver in the x direction. This did not cause any
noticeable problems, probably because the clustering in the
v direction caused the time step to be small compared to the
cell size in the x direction.

The computed results are evaluated by determining the
amplitude of each mode and studying its history. The ampli-
tude of a mode (Ek) is measured by Fourier analysis of the
velocity components with respect to x and then integrating in
y (or summing in 17).

1\ i=l

k , kjkj
IVl j=\

where N and M are the number of cells in the x and y direc-
tions. The growth rate of the kth mode is given by

=
gk 2Ek dt

Fig. 1 Computational region and mean flow for shear flow simula-
tion.

Results
Grid refinement studies were performed for two values

of a: 0.2 and 0.397 (the most unstable mode2) on grids of
16 x 32, 32 x 64, and 64 x 128. In each case, the «j mode
was excited with /^ = 0.001. The growth rates, shown in Fig.
2, are linear in (Nmax/N)2, indicating second-order accuracy.
The absolute error of a mode (ek) is measured in terms of the
maximum growth rate as

__ -i r\f\ \ok_____o k") exact I
Sk - 1UU

omax

For the case of a = 0.2, the error is approximately 2%. The
error is larger for the case of a = 0.397; however, this case
was computed on a slightly different grid which was less re-
solved near y = 0. Figure 3 shows the total vorticity obtained
at saturation for a = 0.2 on a 32 x 64 grid. All remaining
results are for a 32 x 64 grid.

The method was found to be insensitive to the initial am-
plitude of the excited wave. For a = 0.4, Pi was varied from
0.1 to 10~7. The instantaneous amplitudes and growth rates
are shown in Figs. 4a and 4b. Over the linear region, all cases
predict the same growth rates and saturate at the same am-
plitude, which is consistent with spectral computations per-
formed for incompressible shear layers.3

The influence of a was investigated from two points of view.
When the length of the domain is matched to the excited
mode, as it has been in all the above cases, the error is between
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Fig. 2 Convergence of growth rate with respect to the mesh size. The
method displays second-order accuracy for a = 0.2, ft = 0.001.
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Fig. 3 Contours of vorticity at saturation for a = 0.2: minimum
contour value = 0.0, contour increment = 0.022.
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Fig. 4 Amplitudes and growth rates of the first mode for various
values of initial amplitude: a = 0.4. All cases grow at approximately
the same rate and saturate at the same amplitude.

1 and 4%, similar to what was found in the grid refinement
study. Figure 5 gives the growth rates and percent error for
ft = 10~5, a = 0.2, 0.4, 0.6, and 0.8. However, when the
grid is fixed at a = 0.2 and the flow is excited at higher wave
numbers, the accuracy deteriorates with increasing ak. This
is not unexpected since it corresponds to coarsening the grid
in the x direction. The a2 mode has 16 cells per wavelength
and a4 mode has eight cells per wavelength. Figure 6 shows
the growth rates and percent error of the A:th mode vs (ak)2.
The error increases linearly in (ak)2, which further verifies
the second-order accuracy of the method.

All the calculations described above were excited at a single
mode, and evaluation of the method considered only the mode
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Fig. 5 Growth rate and percent error of the first mode vs the length
of the domain. Error of the first mode is insensitive to a.
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Fig. 7 Growth rates of three modes excited simultaneously (open
symbols) compared to each mode excited separately (solid symbols):
a = 0.2.
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that was expected to dominate. The remaining discussion ex-
amines the behavior of the unexcited modes as well as the
excited modes. Also, the interaction of modes is studied by
considering cases in which several modes are simultaneously
excited.

In the linear region, there is very little interaction between
modes excited at similar, but low, amplitudes. Figure 7 shows
the instantaneous growth rates for a = 0.2, /3k = 10~~5 for
k = 1,2, and 3, compared with the same three modes excited
separately. All excited modes are growing at approximately
the correct rate. Figures 8a-8d show the instantaneous am-
plitudes of all three modes for the four cases. Initially, the
amplitudes of the unexcited modes grow very rapidly (non-
physical growth rates), but they remain several orders of mag-
nitude below the excited mode. There is a weak coupling
between the aa mode and the a3 mode, and very little coupling
between the a2 mode and the other two.

In most cases, this numerical interaction does not interfere
with the excited modes; however, this is not always true. In
the following case, two modes are excited at different am-
plitudes and with varying phase relations. The grid is scaled
for an a of 0.2, and the flow is excited with ft — 10~5 and
/32 = 10~3. Also, a case was computed in which the first mode
(<*! = 0.2) was not excited. The amplitudes for the ax and a2
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Fig. 8 Amplitudes of three modes excited simultaneously a) and the
three modes excited separately: b) a19 c) a2, d) «3. The ct^ mode shows
a mild coupling to the a3 mode.

modes are shown in Figs. 9a-9c. In the first case, Fig. 9a,
the «! mode is in phase with the a2 mode. The a2 mode grows
at the correct rate and quickly saturates. While the a2 mode
is growing, the growth rate of the «j is larger than the linear
rate, indicating that some energy is being pumped into it. The
growth «! mode stalls at approximately the same time that
the «2. mode reaches saturation, after which it interacts non-
linearly with the second mode, growing slowly to dominate
eventually. Similar behavior has been observed in spectral
simulations of incompressible flows.3 In the second case, Fig.
9b, the «! mode is 90 deg out of phase with the a2 mode. The
initial behavior is similar to the previous case; however, after
the a2 mode saturates, the aa mode grows at approximately
the linear growth rate until saturation. It is not clear whether
the pumping action ceases when the larger amplitude mode
saturates, or whether the pumping action has simply become
small compared to the physical growth rate. In the third case,
Fig. 9c, there is no initial excitation of the aa mode. After an
initial stage, in which the growth rate of the o^ mode is very
large, the behavior of this case is very similar to the first case.
In fact, the amplitudes of the a2 mode for the first and third
cases overlay. In all three cases, the growth rate of the a.^
mode approaches the linear growth rate just prior to reaching
its final saturation amplitude, and the amplitude of the a2
mode decreases to a new saturation state. It is at this time
that the roll-up process is most evident (Fig. 10).

There are several mechanisms by which energy can be trans-
ferred into the initially unexcited modes. The equations are
nonlinear, so there is a physical path for energy transfer;
however, it is expected to be small in the linear region. Non-
physical mechanisms include the computer rounding error and
the phase error of the numerical method. Initially, there was
some concern that the Fourier analysis used in postprocessing
might be interpreting the data incorrectly, and thereby pro-
ducing apparent aliasing errors. The computed values are
(strictly speaking) cell averages; whereas, the Fourier analysis
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Fig. 9 Amplitudes for two modes a) excited in phase, b) excited with
a phase shift of xr/2, and c) no initial excitation of the a1 mode.
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treats the computed values as point values. Analysis has shown
that the difference in interpretations will cause the amplitude
to be different by a factor (which depends on the number of
points), but that the growth rates would not be affected and
aliasing errors could not arise from this procedure.

Empirical models suggest that the rapid initial growth of
unexcited modes is caused by machine rounding errors that
accumulate linearly in time. At later times, the growth of
unexcited modes tends to parallel the largest-amplitude grow-
ing mode, indicating that numerical phase error is "pumping"
energy from the large-amplitude modes to the low-amplitude
modes. The rounding errors are more or less random; how-
ever, the numerical phase errors are of a periodic nature
because the solution is periodic. Thus, the energy transfer
due to the numerical error is coherent and much more det-
rimental than rounding errors. A mode will grow in a phys-
ically realistic manner whenever the amplitude of the mode
ceases to be "small" when compared to all larger-amplitude
growing modes.

Conclusions
A finite volume method has been verified to be second-

order accurate for a temporally growing compressible shear
layer. The method can accurately predict the behavior of a

time
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Fig. 10 Vortex roll-up for the in-phase case.

single perturbation of any amplitude, provided the spatial
resolution is adequate; however, the numerical dissipation of
the high-frequency modes (less than eight cells per wave-
length) was very noticeable. The interaction of multiple modes
is also well predicted, but only if the modes are excited at
similar amplitudes. The method does not accurately predict
the behavior of modes with amplitudes that are several orders
of magnitude below that of the dominant growing mode.
Computer rounding and phase error of the method "pumps"
energy from the dominant mode into all other modes. If the
excited mode is not the longest wave supported by the do-
main, the phase error will "pump" energy into the longest
wavelength, causing it to dominate the flow eventually. Know-
ing the potential for low-order CS schemes to produce phys-
ically incorrect results, even on these simple test problems,
numerical effects must be carefully identified and, if possible,
ruled out through grid refinement studies when applying such
methods to the simulation of complex nonlinear mode inter-
actions. The results indicate that transition simulation may
be within the capability of a high-order CS method; however,
close attention should be paid to phase error as well as am-
plitude error during the development and validation of the
method.
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